ABSTRACT: We analyze the cusp anomalous dimension in the (leading) ladder limit of N = 4 SYM and present new results for its higher-order perturbative expansion. We study two different limits with respect to the cusp angle φ. The first is the light-like regime where x = e i φ → 0. This limit is characterised by a non-trivial expansion of the cusp anomaly as a sum of powers of log x, where the maximum exponent increases with the loop order. The coefficients of this expansion have remarkable transcendentality features and can be expressed by products of single zeta values. We show that the whole logarithmic expansion is fully captured by a solvable Woods-Saxon like one-dimensional potential. From the exact solution, we extract generating functions for the cusp anomaly as well as for the various specific transcendental structures appearing therein. The second limit that we discuss is the regime of small cusp angle. In this somewhat simpler case, we show how to organise the quantum mechanical perturbation theory in a novel efficient way by means of a suitable all-order Ansatz for the ground state of the associated Schrödinger problem. Our perturbative setup allows to systematically derive higher-order perturbative corrections in powers of the cusp angle as explicit non-perturbative functions of the effective coupling. This series approximation is compared with the numerical solution of the Schrödinger equation to show that we can achieve very good accuracy over the whole range of coupling and cusp angle. Our results have been obtained by relatively simple techniques. Nevertheless, they provide several non-trivial tests useful to check the application of Quantum Spectral Curve methods to the ladder approximation at non zero φ, in the two limits we studied.
Introduction
The study of cusped Wilson loops W was initiated by Polyakov in [1] while attempting to view gauge fields as chiral fields on a loop space. Gauge interactions are interpreted in terms of the propagation of infinitely thin rings formed by the lines of color-electric flux. The analysis of the quantum properties of W led to the introduction of the cusp anomalous dimension Γ cusp (φ) depending on the Euclidean cusp angle φ and appearing in the relation
where Λ UV, IR are ultraviolet and infrared energy cutoffs. In QCD, the cusp anomalous dimension was first computed at two loops in [2, 3] and has been recently extended to three loops in [4, 5] , see also [6] . In supersymmetric theories, it is possible to introduce a locally supersymmetric Wilson loop that couples to scalars in addition to gluons. In N = 4 SYM, the cusp anomalous dimension has been computed at two loops in [7, 8] , at three loops in [9] , and at four loops in [10] .
The free parameter φ can be tuned to discuss several interesting physical regimes. At small cusp angle, we are doing perturbation around the straight line configuration, φ = 0, that is half BPS and has no quantum corrections. The first non-trivial term in the small angle expansion is Γ cusp (φ) = −B(λ) φ 2 + O(φ 4 ) where B(λ) is the so-called Bremstrahlung function (depending on the planar 't Hooft coupling λ) which is fully known [11, 12] . From Γ cusp (φ), we can extract the potential for a quark anti-quark pair living on a 3-sphere and separated by the angle δ = π − φ. In the limit δ → 0, the flat space potential is recovered. 1 Finally, one can analytically continue in the cusp angle and consider the limit ϕ = i φ → ∞ where it turns out that Γ cusp ∼ ϕ Γ ∞ cusp . The coefficients Γ ∞ cusp is the anomalous dimension of a null Wilson loop and is related to the high-spin behaviour of anomalous dimensions of composite operators [23] [24] [25] , governed by the celebrated BES exact integral equation derived in [26] by integrability methods in N = 4 SYM.
A quite important feature of the N = 4 SYM case is that it is possible to introduce an additional angle in the definition of the Wilson loop [27] . The locally supersymmetric Wilson loop contains a coupling dt Φ · n |ẋ(t)|, where Φ is the vector of the 6 scalars of N = 4 SYM and x(t) is the piece-wise straight quark (anti-quark) trajectory [18] . The unit vector n ∈ S 5 is constant apart from a discontinuous turn at the cusp by the angle θ. A crucial remark made in [9] is that the extra parameter θ may be used to study the scaling limit i θ → ∞, λ = 1 4 λ e i θ fixed.
(1.
2)
The limit (1.2) is interesting because it selects ladder diagrams and, remarkably, the cusp anomalous dimension may be identified with the ground state energy of a 1d Schrödinger equation. In standard notation, it is a function Γ lad (κ, φ) = −Ω(κ, φ) where κ = λ/π 2 and Ω > 0 is (essentially) the ground state energy of the Schrödinger problem
V(w, φ) = − κ 8 1 cosh w + cos φ .
(1.3)
Despite its simplicity, the ladder approximation is quite interesting and various remarkable feature of the function Γ lad (κ, φ) have been investigated at generic φ in [9, 28] . 2 In this paper, we reconsider its perturbative expansion in two special limits where we are able to provide new exact results.
Light-like limit x → 0, where x = e i φ . As remarked in [28] , the limit x → 0 is interesting because it connects the velocitydependent cusp anomalous dimension with the light-like cusp anomalous dimension which corresponds to the light-like limit of the edges of the Wilson loop. From the six loop analysis of [28] , it is possible to identify the following remarkable structure 3
1 The quark anti-quark potential is known at 3 loops at weak coupling [13, 14, 9, [15] [16] [17] 8] and at one loop at strong coupling [18] [19] [20] [21] . It may be treated at all orders by means of the Quantum algebraic curve [22] . 2 The φ → π limit is particularly interesting because it allows to extract the flat space quark-antiquark potential. However, it is difficult because the Schrödinger ground state energy is not analytic in the coupling, see [22, 29] . 3 The expansion (1.4) is what is found in the ladder approximation. The true cusp anomaly is linear ∼ log x for x → 0 with remarkable cancellations deleting the higher powers of log x, see for instance [10] .
where b
5 is a rational multiple of ζ (4) , and all next coefficients b (n) k are linear combinations of products of simple ζ values with transcendentality degree d = k − 1. The degree d gets a contribution equal to n from ζ n (for even n the involved transcendental constant is π 2n ) and is additive with respect to multiplication d(AB) = d(A) + d(B). The expansion in (1.4) has been determined at six loops by the algorithm discussed in [28] involving harmonic polylogarithms and their small x expansions. In that approach, it is non trivial to explore the above properties of the coefficients in (1.4). Here, we study the x → 0 limit of the ladder Schrödinger potential by a different analytical approach. In particular, we identify a reduced Schrödinger equation that captures all the logarithmic terms in (1.4). It is a 1d version of the three-dimensional Woods-Saxon potential. Its ground state is solvable and from its explicit expression we derive several useful generating functions for the the coefficients b (n) k . They are exact in κ and can be used to systematically obtain long expansions at higher-loop order.
Small angle φ
For φ = 0, the ladder approximation reduces to a Schrödinger equation with solvable Pöschl-Teller potential, see (1.3) . Perturbation theory in φ is analytic and takes the form
In [9] , first order Rayleigh-Schrödinger perturbation theory has been applied to provide the results
The coefficients in the expansion (1.6) are interesting because they are non-perturbative in the effective 't Hooft coupling λ = π 2 κ. We show that it is possible to systematically improve (1.6) by implementing a perturbation method originally proposed in [30] that typically works in the case of polynomial perturbations. This method has the advantage of bypassing the machinery of the Rayleigh-Schrödinger approach. The resulting algorithm is applied to obtain the coefficient functions c n (κ) in closed form for very high n. The associated long series expansion is successfully compared with the numerical solution of the Schrödinger problem in the whole range of physical parameters κ, φ.
The plan of the paper is the following. In Sec. (2) we study the light-like limit and provide a master equation that permits to easily extract the whole logarithmic expansion in (1.4) at any loop order. In Sec. (2.1), we further manipulate the master equation showing how to determine a compact generating function for the various transcendentality structures appearing in (1.4). In Sec. (3), we treat the small φ perturbative expansion of the cusp anomalous dimension. The higher order results are checked at large κ in Sec. (3.1). In Sec. (3.2), we show that our expansions can be used to provide the correct cusp anomaly at all κ and φ with great accuracy. Various appendices collect long results and related discussions.
2 The light-like limit x → 0 As we discussed in the introduction, the first limit we want to treat is x = e iφ → 0. To explain what we are going to compute, it is convenient to recall the results of [28] providing the weak-coupling expansion (1.4) at 6-loops. We give it in terms of the coefficients Ω n (x) appearing in, see their Eq. (3.40),
When x → 0, the coefficient functions Ω n (x) have the structure outlined in (1.4). Writing only the first four non vanishing leading terms, the six loop results obtained in [28] are 4
,
, The omitted terms have a uniform transcendentality as discussed in the introduction. 5 They can be found in [28] The exact expression at two loops is quite simple and reads
5 The degree 4 terms in (2.2) are proportional to π 4 . This is written as a rational multiple of ζ 4 , but of course one may also use ζ 2 2 .
-4 - An algorithm to compute the full x-dependence of Ω n has been proposed in [28] and is based on a recursive representation in terms of harmonic polylogarithms. The light-like limit can be treated as a special case or by a simplification of the algorithm. The extension to higher loops is certainly possible, but quite involved. In [28] , it has been remarked that only powers of single zeta values appear in the asymptotic expansion, at least up to six loops. Here, we show how to generate expansions like (2.3) in a simple way. We want to select the logarithmic terms in (2.2) and neglect O(x) corrections. To this aim, it is convenient to scale the independent variable in the Schrödinger equation (1.3) and introduce τ by setting w = Λ τ, where Λ = − log x is a parameter that will be sent to +∞. The potential becomes, for τ ≥ 0, . As Λ = − log x is increased, the potential approaches a finite depth square well.
(2.5) can be solved exactly with boundary conditions
The solution vanishing at infinity is (up to a complex normalization constant)
where
Imposing the second boundary condition ψ (0) = 0 and neglecting all terms that vanish as x → 0 faster than any power of log x, we arrive at the master equation
Expansion of (2.9) is quite simple. One simply writes Ω as a power series in κ (actually κ x) starting at order O(κ), and uses the definition of β in (2.8). This procedure fully reproduces the six loop results in (2.2), and can be extended at higher orders. For instance, at seven loops, we find the new expression 
The similar 8-loop result is collected in App. (A).
Generating functions and transcendentality expansion
Given the plain structure in (2.2) and (2.10), it is tempting to understand what is the generating function for the various coefficients b (n)
k , see (1.4) . This may be achieved by means of the following trick. The Γ functions in the r.h.s. of (2.9) are the only source of transcendental contributions. We can consider the r.h.s. of (2.9) with fixed ratio β/Ω and expand at small β the resulting expression. This expansion reads r.h.s. of (2.9) = 2
and additional contributions may be obtained with no problems. In (2.11), we have written in bold face the transcendental constants. The terms in (2.11) are naturally ordered by increasing transcendentality degree (we remind that π 2n and ζ n contribute n units). This means that we can decompose Ω as a sum of contributions of increasing degree and solve (2.9) for each of them. The first term in (2.11) has degree zero and gives the leading order condition
Expanding (2.12) at small x gives Comparing (2.13) with (2.2), we see that the compact relation (2.12) captures all the leading logarithms for x → 0 and, of course, may be extended at arbitrarily higher order with minor effort. A simple way to do this is to notice that (2.12) implies the following differential constraint for
Starting with f (k) = −1/2 log x k + · · · , one gets from (2.14) a simple recursion for the coefficients in (2.13). The convergence properties of the expansion (2.13) are discussed in App. (B) . To illustrate what happens beyond the leading (rational) logarithms, we present the contributions with transcendentality up to 5, i.e. proportional to π 2 , ζ 3 , π 4 , ζ 5 , and π 2 ζ 3 as an illustrative example. After some some straightforward manipulations, we get from (2.9) using (2.11) For instance, the ratio of the NLO logarithm coefficient (proportional to ζ 2 ) to the coefficient of the LO logarithm is simply, see (1.4)
where n is the loop order. This relation can be proved rigorously starting from (2.14) and converting the factors in (2.17) into differential operators n → κ∂ κ . Another simple relation concerns the ratio of the NNLO logarithm coefficient (proportional to ζ 3 ), 18) where the shift in the index of b 1 is a non trivial fact. The vanishing b
(n) 2 = 0 and the uniform transcendentality property of the expansion (1.4) are thus direct consequences of the relation (2.11) since all coefficients in (2.13) are rational, given (2.14). As a final remark, we notice that the leading order equation (2.12) is familiar from the discussion of elementary quantum mechanics in a one-dimensional finite well. This is not accidental and the relation is fully spelled out in App. (C).
Higher-order expansion at small φ
To study the problem (1.3) at small φ, we begin by setting 6
The expansion of the potential is polynomial in y
The kinetic term is also simple
3)
The exact ground state wavefunction at φ = 0 is known and reads
We now make the educated perturbative Ansatz
where δκ n (Ω) are functions of the ground state energy Ω.
We emphasize that it is crucial to set up the perturbative expansion according to (3.5), i.e. expanding κ, instead of writing a more natural perturbative expansion of Ω as a function of κ. This has the advantage that the unperturbed ground state in (3.4) -appearing as a factor in (3.5) -is not changed during the procedure. Replacing (3.5) into the Schrödinger equation, we get
and so on. Clearly, the equations in the chain (3.6) can be integrated one after the other. Imposing boundary conditions, we fix the coefficients δκ n . Actually, inspection of the results shows that the general form of the corrected wave-function is
In other words, the corrections f n (y) are simple polynomials in y ! This remarkable feature is recurrent in quantum mechanical problems with a perturbation in the form of a polynomial, see the original proposal in [30] or, for instance, [31] . The explicit solution for the first three non trivial corrections is
(3.9)
and
The expansion of κ in (3.5), may be turned into an expansion of Ω according to 
where D n (t) is the rational function
, (3.13) and P n (t) are polynomials. The first cases are collected in App. (D). They have an increasing complexity, but may be generated quite easily by the above procedure.
A cross-check at large κ
The expansion (3.11) may be checked at weak coupling, i.e. in the limit κ → 0, using the six-loop expressions derived in [28] . At strong coupling, we can evaluate systematically the perturbative expansion of the (ladder) cusp anomaly for any φ. This can be achieved by the same strategy described in the previous section, i.e. by an Ansatz similar to (3.5). We begin by multiplying the Schrödinger equation by µ 2 /κ with µ 2 = 4 √ κ(cos φ + 1). After a rescaling x = µ X/ √ κ, we obtain
(3.14)
The perturbative correction to the ground state energy E of the (formal) problem 
Numerical analysis
In this section, we compare the exact numerical solution of the Schrödinger problem (1.3) with the small φ expansion of its ground state energy, see (3.12). We shall consider three reference values κ = 1, 2, 5 and explore convergence with respect to φ in the physical interval 0 ≤ φ < π. The first comparison is with the naive partial sums of (3.12), ( recall that
This is shown in the left panel of Fig. (2) . One sees that including terms up to N = 20, there is convergence to the exact numerical value at least for φ not too close to π. As φ → π, convergence slows down and the series expansion cannot provide an accurate estimate of the correct (ladder) cusp anomaly. This is clearly illustrated by the points at φ = 19π 20 . However, the strong coupling expansion (3.19) suggests that the singularity at φ = π is simply due to an overall factor 1/ cos(φ/2). From the physical point of view, the φ → π limit is a flat space limit where that singularity is nothing but the overall scale 1/r in the quark-antiquark at distance r ∼ 2 cos( φ 2 ) [9] . Hence, we also compare the numerical values of the cusp anomaly with the improved summation
The right panel of Fig. (2) shows that this is a major improvement. The convergence in N is now greatly increased and accurate results are obtained even quite near the singular point φ = π. This is illustrated in a more quantitative way in Tab. (1) where we collect some reference numerical values shown in Fig. (2) . In all cases, the relative accuracy of (3.21) is well below the 10 −3 level.
Conclusions
In this paper we have considered various properties of the perturbative expansion of the cusp anomalous dimension in N = 4 SYM in the (leading order) ladder approximation. We have presented simple algorithms for the higher-order evaluation of the (i) small x = e i φ and (ii) small φ corrections. In the former case, we showed that all the logarithmic corrections are captured by a Wood-Saxon type solvable problem. Besides, we have shown how to generate all such corrections at higher-orders by compact generating functions that encode them and are naturally organised in increasing transcendentality degree. Our approach explains the remarkable regularities observed in the past. In the Table 1 . This table compares the exact values of Ω with the approximations in (3.20) and (3.21) for N = 20. The comparison is done at κ = 1, 2, 5 and various φ. The first column contains the (numerical) exact value corresponding to the red dots in Fig. (2) . Digits highlighted in blue are in agreement with the exact solution.
small φ regime, we showed that is possible to work out the quantum mechanical perturbation expansion bypassing the Rayleigh-Schrödinger scheme. This is due to the simple structure of the perturbed wave-function associated with the ground state. Our remark leads to a quite efficient algorithm. The associated long expansion in powers of φ has been shown to provide, after some educated manipulations, an accurate representation of the ladder cusp anomaly in the whole range of couplings and angles. We believe that it would be very interesting to look at our results from the perspective of the Quantum Spectral Curve by extending the analysis of [22] to the case of a generic cusp angle φ. Our new results could certainly be useful as a non-trivial check of that method. This equation admits a solution ω 0 (κ) that is analytic in a disc of radius R. This convergence radius is determined by a branch point at κ < 0 where a pair of real roots of (B.2) coalesce into a pair of complex conjugate roots. Setting κ = −R > 0, we determine R by eliminating w in the two equations
A Complete expression of the eight-loops term
This gives w = 2. Then, R is found as the unique positive root of
that is R = 1.756915 . . . and (2.13) converges for |κ| < R/(x log 2 x).
C Small x limit as perturbation around a finite depth well
The potential in (2.5) can also be split in the following way, where we have again rescaled w by log x introducing w = τ log x for τ > 0,
where Θ(τ) is the Heaviside step function. In other words, the potential looks like a Fermi-Dirac distribution. The unperturbed shape is a finite depth well, while the correction -the second term in (C.1) -captures its deviation in the small strip τ − 1 ∼ 1/ log x.
The solution of the Schrödinger equation for the finite depth well is elementary and reads, for τ > 0,
At τ = 1, continuity fixes the ratio A/B, while continuity of ψ determines the relation between Ω and κ to be precisely (2.12).
This first approximation may be improved by taking into account the correction in (C.1). Treating it at first order in perturbation theory amounts to compute its integral times |ψ(τ)| 2 . But this is accomplished as follows (we omit a trivial factor 2)
Up to corrections O(x) -from the upper integration limit in the first integral -we can expand at small x and obtain
In our application F(τ) = |ψ(τ)| 2 , and F (τ) are continuous at τ = 1, so
Collecting all pieces, we obtain the simple formula
where Ω is the leading order, i.e. the solution of (2.12), and
(C.7)
After some simplification, it is possible to show that (C.6) is indeed equivalent to the first three terms of (2.15). In this approach, the appearance of the simple transcendental zeta values if simply due to the elementary integral
The leading perturbative calculation in (C.6), already captures the exact expansion at NNLO. The second order perturbation with respect to the second term in (C.1) will give a ζ 2 2 contribution that mixes with a genuine ζ 4 term from dots in (C.5). Despite its semplicity, this method cannot be extended in a simple way to higher orders because of the complexity of the expressions for the higher order correction to the energy. These involve the full spectrum as well as infinite sums over the unperturbed wave-functions. However, as we discussed in the main text, this complexity is only apparent due to the solvability of the potential in (2.5). 
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